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Abstract
Curvature and torsion of linear transports along paths in, respectively,
vector bundles and the tangent bundle to a differentiable manifold are
defined and certain their properties are derived.
1. INTRODUCTION
This work is devoted to the introduction of the concepts ”curvature” and
”torsion” with respect to the linear transports along paths considered in [1].
The former concept turns out to be more general in a sense that it can be
introduced in arbitrary vector bundles, while the latter one can be defined only
in the tangent bundle to a differentiable manifold.
The theory of linear transports along paths will not be repeated here, the
reader being referred to [1] for further details. We shall only mention briefly
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hereafter the elements which are necessary for the present part of our investi-
gation.
By (E, π,B) we denote a vector bundle with a base B, total bundle space
E and projection π : E →B. A path in B is a map γ : J → B, J being a real
interval (of arbitrary type).
To any C1 linear transport (L-transport) along paths L in (E, π,B) is as-
sociated a derivation D along paths which maps γ into a derivation Dγalong γ
such that its action on any C1 section σ over γ(J) is (s and s+ ǫ belong to J)
(
Dγσ
)
(γ(s)) := Dγsσ := lim
ε→0
[1
ε
(
Lγs+ǫ→sσ(γ(s+ ǫ))− σ(γ(s))
)]
, (1.1)
where Lγs→t, s, t ∈ J is the L-transport along γ from s to t.
If {ei}(the Latin indices run from 1 to dim(π
−1(x)), x ∈ B) is a field of bases
along γ, i.e. {ei(s)} is a basis in π
−1(γ(s)), and σ = σiei(a summation from
1 to dim(π−1(x)), x ∈ B over repeated on different levels indices is assumed),
then the explicit form of (1.1) is
(
Dγσ
)
(γ(s)) =
[dσi(γ(s))
ds
+ Γi.j(s; γ)σ
j(γ(s))
]
ei(s) (1.2)
in which Γi.j(s; γ) are the coefficients of L(coinciding with that of D). The
general form of Γi.j(s; γ) is given by
Γγ(s) = [Γ
i
.j(s; γ)] = F
−1(s; γ)
dF (s; γ)
ds
(
=
∂H(s, t; γ)
∂t
∣∣∣
t=s
)
, (1.3)
F (s; γ) being nondegenerate C1matrix function of s(defining also the general
form of the matrix H(s, t; γ) of L; cf.[1]). If along γ is made the change
{ei(s)} → {ei′(s) = A
i
i′(s)ei(s)} of the basis {ei}, where [A
i
i′(s)] =: [A
i′
i (s)]
−1
is a nondegenerate matrix function, then in the new basis {ei′} the coefficients
of L are
Γi
′
..j′(s; γ) = A
i′
i (s)A
j
j′ (s)Γ
i
.j(s; γ) +A
i′
i (s)
dAij′ (s)
ds
. (1.4)
If B is a manifold and γ : J → B is a C1 path with a tangent vector field, then
of special interest are the L-transports along C1 paths whose coefficients have
the form
Γi.j(s; γ) =
dim(B)∑
α=1
Γi.jα(γ(s))γ˙
α(s) (1.5)
for some functions Γi.jα : B → R. In particular, if (E, π,B) is the tangent bundle
to B, then Γi.jαare coefficients of a linear connection, the corresponding to which
parallel transport coincides with the considered L-transport along (smooth)
paths.
The usage of the operator Dγ , associated to a given L-transport along paths
through (1.1), gives a possibility for defining the torsion and the curvature of
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that transport to which is aimed this paper. The torsion is introduced in Sect.
2, where it is prove that it vanishes only for parallel transports generated by
symmetric linear connections. The curvature is defined in Sect. 3, where also
some its properties are investigate. Certain concluding remarks are made in
Sect. 4.
2. TORSION
Let M be a differentiable manifold and (T (M), π,M) be its tangent bundle
(some times denoted simply by T (M))[2].
Let η : J × J ′ →M,J and J ′ being real intervals, be a C2map. With η(·, t)
and η(s, ·), s, t ∈ J we denote the paths η(·, t) : s →→ η(s, t) and η(s, ·) : t →
η(s, t) and with η′(·, t)η′′(s, ·), respectively, the tangent to them vector fields.
Definition 2.1. The torsion operator of an L-transport along paths in
(T (M), π,M) is the map T : η → T η : J × J ′ → T (M) defined for all (s, t) ∈
J × J ′ by
T η(s, t) := Dη(·,t)s η
′′(·, t)−D
η(s,·)
t η
′(s, ·) ∈ Tη(s,t)(M), (2.1)
where D is the derivation along paths corresponding in accordance with (1.1)
to the given L-transport along paths.
Let in (T (M), π,M) be fixed some local coordinate basis. For the sake of
simplicity we assume η(J, J ′) to lie in only one coordinate neighborhood of the
generating this basis coordinates. Then, using (1.2), we get the components of
T η(s, t) to be
(T η(s, t))i =
( ∂
∂s
∂
∂t
ηi
)∣∣∣
(s,t)
+ Γi.j(s; η(·, t))(η
′′(s, t))j−
−
( ∂
∂t
∂
∂s
ηi
)∣∣∣
(s,t)
+ Γi.j(t; η(s, ·))(η
′(s, t))j ,
where Γi.j(. . .) are the coefficients of the considered L-transport. As we supposed
η to be aC2map, from here we find
T η(s, t)i = Γi.j(s; η(·, t))(η
′′(s, t))j − Γi.j(t; η(s, ·))(η
′(s, t))j . (2.2)
Proposition 2.1. If an L-transport in (T (M), π,M) is a parallel transport
generated by a linear connection ∇ with local coefficients Γi.jk, then in every
coordinate basis(
T η(s, t)
)i
= [Γi.jk(η(s, t)) − Γ
i
.kj(η(s, t))](η
′′(s, t))j(η′(s, t))k. (2.3)
Proof. From what is supposed it follows that the coefficients of the L-
transport have the representation (1.5), i.e.
Γi.j(s; γ) = Γ
i
.jk(γ(s))γ˙
k(s) (2.4)
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for every γ. Substituting this equality into (2.2), we get (2.3).
Under the condition of the above proved proposition it naturally arises the
torsion tensor T of ∇. In fact, if we take two C2vector fields A and B defined
on one and the same neighborhood U ⊂ M and for every x ∈ U define ηx
by ηx(s0, t0) = x, η
′
x(s, t0) = Aηx(s,t0) and η
′′
x(s0, t) = Bηx(s0,t) for a fixed
(s0, t0) ∈ J × J
′, then, we can put
(T (A,B))(x) := T ηx(s0, t0). (2.5a)
So, from (2.3), we obtain
[T (A,B))(x)]i = [−Γi.jk(x) + Γ
i
.kj(x)]A
j(x)Bk(x), (2.5b)
hence T (A,B) = ∇AB −∇BA− [A,B], [A,B] being the commutator of A and
B[2], is the usual torsion tensor (cf.[2]).
The next proposition shows that the torsion operator, as in a case of parallel
transports generated by linear connections, characterizes the deviation in the
general case of arbitrary L-transports in the tangent bundle to a given manifold
from the parallel transports generated by symmetric affine connections.
Proposition 2.2. The torsion operator of a givenL-transport in (T (M), π,M)
is zero in a neighborhood of some point x ∈M , i.e.
T η(s, t) = 0 for every η : J × J ′ →M, η(s0, t0) = x, (2.6)
if and only if that transport is a parallel transport generated by symmetric linear
connection in that neighborhood.
Proof. The sufficiency is almost evident: if the given L-transport is a
parallel transport generated by a symmetric linear connection, then T = 0(by
definition of such connection) and it is valid (2.4) as a consequence of which
from (2.5a) follows (2.6).
Conversely, let (2.6) be true. Then from (2.2), we get
Γi.j(s; η(·, t))(η
′′(s, t))j = Γi.l(t; η(s, ·))(η
′(s, t))
from which follows
Γi.j(r; γ) = Γ
i
.jl(r; γ)γ˙
l(r),
where Γi.jl(r; γ) are some functions, γ = η(·, t), η(s, ·), respectively r = s, t and
is the tangent to γ vector field.
Therefore, we see that Γi.jk(s; η(·, t)) = Γ
i
.kj(t; η(s, ·)). So, as a consequence
of the arbitrariness of η, the common value of the right and left hand sides of
this equality can depend only on the point η(s, t). Denoting this common value
by Γi.kj(η(s, t)) we obtain Γ
i
.kl(η(s, t)) = Γ
i
.lk(η(s, t)) and
Γi.k(r; γ) = Γ
i
.kl(γ(r))γ˙
l(r), r ∈ J, γ = η(·, t), η(s, ·), resp. r = s, t.
As η is arbitrary, from here we find
Γi.k(r; γ) = Γ
i
.kl(γ(r))γ˙
l(r), Γi.kl = Γ
i
.lk (2.7)
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for every path γ : J → M and r ∈J. Due to (2.5b) and proposition 5.1 of [1]
(see also the comments after its proof) this means that Γi.klare coefficients of a
symmetric linear connection the generated by which parallel transport coincides
with the initial L-transport (see also proposition 5.4 from [3] and the note after
its proof).
3. CURVATURE
The curvature operator, which is referred to an arbitrary vector bundle
(E, π,B) is defined analogously to the torsion operator.
Let η : J × J ′ →B.
Definition 3.1. The curvature operator of an L-transport along paths in
the vector bundle (E, π, b) is a map R : η → Rη,Rη : (s, t) → Rη(s, t) where
Rη(s, t) maps C2sections of (E, π, b) into sections of (E, π, b) and it is defined
for every (s, t) ∈ J × J ′ by
Rη(s, t) := Dη(·,t) ◦ Dη(s,·) −Dη(s,·) ◦ Dη(·,t). (3.1)
If A is a C2 section of (E, π,B) and {ei} is a field of bases in η(J, J
′), i.e.
{ei(s, t)} is a basis in π
−1(η(s, t)), then, by means of (1.2), we get
[(Rη(s, t))(A)](η(s, t)) = Rη(s, t)i.jA
j(η(s, t))ei(s, t), (3.2)
where
Rη(s, t)i.j =
∂
∂s
(
Γi.j(t; η(s, ·))
)
−
∂
∂t
(
Γi.j(s; η(·, t))
)
+
+Γi.k(s; η(·, t))Γ
k
.j(t; η(s, ·)) − Γ
i
.k(t; η(s, ·))Γ
k
.j(s; η(·, t)) (3.3)
are the components of R with respect to {ei} at the point (η, s, t).
Proposition 3.1. If B is a manifold, η : J × J ′ → B is of class C2and the
coefficients of some L-transport have the form (1.5), then the components of its
curvature operator in any basis are
Rη(s, t)i.j = R(η(s, t))
i
.jαβ(η
′(s, t))α(η′′(s, t))β , (3.4)
where
R(η(s, t))i.jαβ =
[
−
∂
∂xβ
(Γi.jα) +
∂
∂xα
(Γi.jβ)− Γ
k
.jαΓ
i
.kβ + Γ
k
.jβΓ
i
.kα
]∣∣∣
η(s,t)
.(3.5)
Proof. This proof reduces to a simple substitution of (1.5) into (3.3).
If an L-transport is a parallel transport in (T (M), π,M) generated by a
linear connection ∇ with coefficients Γi.jk, then, as a consequence of the last
proposition, naturally arises the curvature tensor R of ∇[2]. Actually, let us
define A,B and ηxas it was done before (2.5a) and put
(R(A,B)C)(x) := [(Rηx (s0, to))C](x) (3.6)
for arbitrary vector field C. From here, (3.4) and (3.5), we find R(A,B) =
∇A∇B − ∇B∇A −∇[A,B]and that the components of R at x ∈ M are exactly
(R(x))i.jklas they are given by (3.5)(cf . e.g. [2]).
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Proposition 3.2. Let in some basis {ei′} the coefficients of an L-transport
in a vector bundle (E, π,B) be zeros along every path, i.e.
Γi
′
..j′(s; γ) = 0 for every γ : J → B. (3.7)
Then:
1) If B is a manifold and γ is aC1path, then in every basis {ei} is valid (1.5),
i.e.
Γi.j(s; γ) = Γ
i
.jα(γ(s))γ˙
α(s), γ : J → B, (3.8)
for some functions Γi.jα : B → R. Besides, in the basis {ei′} is fulfilled the
equality
Γi
′
..j′α(x) = 0, x ∈ B; (3.9)
2) The curvature of the considered L-transport is zero, i.e.
Rη(s, t) = 0 for every η : J × J ′ → B, (3.10)
which, if B is a manifold, is equivalent to
R(x)i.jαβ = 0, x ∈ B. (3.10
′)
Proof. Let us choose a basis {ei} in E such that ei(x) == A
i′
i (x)ei′ (x), x ∈
B, det[Ai
′
i ] 6= 0,∞ and [A
i
i′ ] := [A
i′
i ]
−1.
From (3.7) and (1.4) follows 0 = Γi.j(s; γ)A
j
j′ (γ(s)) +
d
ds
Ajj′(γ(s)) or
Γi.j(s; γ) = −
( d
ds
Aij′ (γ(s))
)
)Aj
′
j (γ(s)) =
(∂A ij′
∂s
Aj
′
j (x)
)∣∣∣
x=γ(s)
γ˙α(s) (3.11)
where {xα} are local coordinates in a neighborhood of γ(s). Putting
Γi.jα(x) = −
∂Aij′
∂xα
Aj
′
j (x), (3.12)
we see from here that in any basis {ei} is true (3.8).
In particular, if we let ei = ei′ , i.e. A
i′
i (x) = δ
i′
i , we find Γ
i′
..j′α(γ(s))γ˙
α(s) =
Γi
′
.,j′α(s; γ) = 0 for every path γ, from which immediately follows (3.9).
At the end, the equality (3.10) is a corollary from (3.7) and (3.3), written in
{ei′}, and (3.10
′) is valid because of proposition 3.1, written in the basis {ei′},
in which is true the already proved equality (3.9).
Proposition 3.3. If the curvature operator of an L-transport in a vector
bundle (E, π,B) is zero, i.e.
Rη(s, t) = 0 for every η : J × J ′ → B, s, t ∈ J, (3.13)
then in E there exist fields of bases {ei′} in which the coefficients of the L-
transport are zeros along every path, i.e. (3.7) is valid. Besides, all of these
field of bases are obtained from one another by linear transformations with
constant coefficients.
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Proof. Let us choose a field of bases {ei} in E. We have to prove the
existence of a transformation {ei(x)} → {ei′(x) = A
i
i′(x)ei(x), det[A
i
i′(x)] 6=
0,∞}, such that in the basis {ei′} to be fulfilled (3.7).
If we let [Ai
′
i (x)] := [A
i
i′ (x)]
−1, then, due to (1.4), it follows that (3.7) is
equivalent to
d
ds
Ai
′
i ((γ(s)) = A
i′
l (γ(s))Γ
l
.i(s; γ) for every γ : J → B. (3.14)
Now we shall prove the existence of Ai
′
i (x) satisfying this equality which will
mean also the existence of the pointed transformation.
Let V := J × · × J(n = dim(B) times) and η : V →B. For every y =
(y1, . . . , yn) ∈ V we define maps η
y
i : J → B and η
y
ij : J × J
′ → B, such that
ηyi (s) := η(y)|yi=s and η
y
ij(s, t) := η(y)|yi=s,yj=t (for i = j we must have s = t
here). Evidently ηyi does not depend on yiand η
y
ij is independent of yi and yj .
Now we shall prove the existence of Ai
′
i (x) satisfying
∂
∂yj
Ai
′
i (η(y)) = A
i′
l (η(y))Γ
l
.i(yj ; η
y
j ), (3.15)
which is obtained from (3.14) for s = yjand γ = ηj , as a consequence of which
ηj(yj) = η(y).
In fact, a simple calculation shows that
( ∂2
∂yj∂yk
−
∂2
∂yk∂yj
)
Ai
′
i (η(y)) =
∂
∂yj
(
Ai
′
l (η(y))Γ
l
.i(yk; η
y
k)
)
−
−
∂
∂yk
(
Ai
′
l (η(y))Γ
l
.i(yj ; η
y
j )
)
= Ai
′
m(η(y))
(
Rη
y
jk (yj , yk)
)m
.i
,
from which, due to (3.13), follows the expression between the first and the
second equality signs to be equal to zero. But these are exactly the integrability
conditions for (3.15). Hence, the system (3.15) has a solution with respect to
Ai
′
i .(All such solutions are obtained from one of them by a left multiplication
with a constant matrix, but this is insignificant here.)
It is important to be noted that by its construction this solution depends
only on the point η(y) but not on the map η itself. Consequently, if we take a
path γ : J → B and put yj = s, ηj = γ and η(y) = γ(s) in (3.15) (the remaining
arbitrariness in η is insignificant), we get (3.14). So, in the basis {ei′} defined by
ei(x) = A
i′
i (x)ei′ (x) is valid (3.7), i.e. in {ei′} the coefficients of the considered
L-transport are zeros.
At the end, if in two arbitrary bases {ei} and {ei′ = A
i
i′ei} holds Γ
i
.j(s; γ) =
Γi
′
..j′(s; γ) = 0 for every path γ, then from (1.4) follows dA
i
i′ (γ(s))/ds = 0, so
we get Ai
′
i (x) =const.
Theorem 3.1. If in a vector bundle is given an L-transport along paths,
then a necessary and sufficient condition for the existence of a field of bases
in the bundle, in which the coefficients of the L-transport are zeros along any
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path, or, equivalently, in which the transport’s matrix is unit along any path,
is the curvature operator of this L-transport to be zero.
Proof. This result is a direct consequence of propositions 3.3 and 3.2, as
well as proposition 5.2 from [1].
Proposition 3.4. If an L-transport in the tangent bundle to a manifold
has a zero curvature, then a necessary and sufficient condition for the existence
of a holonomic basis in which the coefficients of the L-transport are equal to
zero is it to be torsion free, or, equivalently, when this L-transport is a parallel
transport generated by a symmetric linear connection.
Proof. First of all, the second part of the proposition is a corollary from
proposition 2.2.
If the conditions of this proposition are fulfilled, then by proposition 3.2 in
the pointed holonomic basis are valid (3.7)− (3.9), the last of which, together
with (2.3), gives T η(s, t) = 0.
On the opposite, if T η(s, t) = 0, then from the conditions of the proposition,
(2.5a), (3.6), theorem 3.1 and proposition 3.2 follows that the considered L-
transport is a parallel transport generated by a linear connection with vanishing
curvature and torsion. Hence the coefficients Γi.jkof this connection and Γ
i
.jof the
L-transport are connected through the relation Γi.j(s; γ) = Γ
i
.jk(γ(s))γ˙
k(s), but,
as is known (see e.g. [4]), for the first quantities there exists a holonomic basis
in which they vanish. In fact, if in {∂/∂xi} the connection’s coefficients are Γi.jk,
then there exists Ai
′
j = A
i
j′ , such that Γ
i
.jk = A
i
j′∂A
j′
j /∂x
k, as the integrability
conditions for these equations with respect to Ai
′
j are exactly R
i
.jkl = 0. The
basis ej′ = A
i
j′∂/∂x
iis holonomic because the conditions for this are T i.jk == 0.
And at the end, as a consequence of (1.5), we have Γi
′
..j′k′ = 0.
4. CONCLUSION
In this work we have introduced the curvature and torsion of a linear trans-
port along paths in, respectively, a vector bundle and the tangent bundle to
a manifold. This was done by means of the assigned to the transport deriva-
tion along paths. Evidently, the same scheme works also with respect to any
derivation along paths (we did not used explicitly the transports anywhere).
This fact is in a natural agreement with the proved in [1] equivalence between
L-transports along paths and derivations along paths. On the other hand, as
the derivation along paths is a local concept such must be, and in fact are,
the curvature and torsion of a linear transport along paths. From this point of
view arises the problem for the global analogs of these concepts, which will be
considered elsewhere.
At the end, we want to note that the investigated in [5] ”flat” linear trans-
ports in tensor bundles are ”flat” in the sense that their curvature operators, as
they are defined in the present paper, are zero. This follows from the simple fact
that the derivations along paths corresponding to these transports are covariant
differentiations along paths generated by linear connections (see [5], Sect. 3 and
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Sect. 3 of the present work).
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